We revisit the optimization of performance of finite-time Carnot machines satisfying the lowdissipation assumption. The standard procedure seeks to optimize an objective function, such as power output of the engine, over the durations of contacts between the working medium and the heat reservoirs. This procedure may lead to unwieldy equations at the optimum of some objective functions. We propose an alternate scheme in which the output or input work is first optimized for a given cycle time, followed by an optimization of another objective function over the cycle time. The optimal behavior is thus obtained in a much simplified manner, with closed-form expressions for figures of merit. The approach is demonstrated for various objective functions, both for engines as well as refrigerators.
I. INTRODUCTION
Optimization of performance of finite-time thermal machines has been intensely studied for many years now [1] [2] [3] [4] [5] . In recent years, the low-dissipation model has been proposed and applied to heat engines and refrigerators with presumably large cycle times and so, close to the reversible limit. The low-dissipation regime is characterized by the following dependence: the entropy generated in a heat-exchange process is inversely proportional to the duration of the process. It was initially derived for a mesoscopic, brownian heat engine treated within stochastic thermodynamic framework [6] , and was later adapted for finite-time macroscopic engines [7] . It is observed at the optimal performance of quantum dot Carnot engine based on the master equation approach [8] , and within a perturbative approach for slowly driven open quantum systems [9] .
Because of its simplicity, the low-dissipation model has attracted a lot of attention [10] [11] [12] [13] [14] [15] [16] [17] [18] . Furthermore, there is no explicit requirement on the form of heat-transfer law, or the temperature difference between the heat reservoirs to be small, unlike in endoreversible models [7] . Still, the optimization problem may become cumbersome, or even intractable, with some objective functions. In this paper, we propose an alternate two-step optimization scheme which yields the optimal solution in a quite simplified manner, while predicting the essential characteristics of the model, such as closed-form expressions for figures of merit as well as the bounds satisfied by them within the domain of applicability of the model. The utility of the approach is demonstrated on various objective functions.
The plan of the paper is as follows. In Section II, we briefly describe the basic features low-dissipation Carnot engine. In Section III, we first optimize the work output for a given cycle time and then optimize other objective functions for the engine, giving explicit expressions for the efficiency. In Section IV, we treat the model of a refrigerator, and derive expressions for the coefficient of performance at optimum of different objective functions. Section V is devoted to conclusions.
II. LOW-DISSIPATION MODEL
Consider a two heat-reservoirs set up, with hot (h) and cold (c) temperatures, T h and T c . A heat engine runs through a four-step cycle by coupling to these reservoirs alternately. The cycle consists of two thermal contacts lasting for time intervals τ h and τ c , and two adiabatic steps whose time intervals may be neglected in comparison to the other time scales. Now, the change in entropy of the working medium during heat transfer at the hot/cold contact, can be split as: ∆S j = ∆ rev S j + ∆ ir S j , with j = h, c. Here, the first term accounts for a reversible heat transfer, whereas the second term denotes an irreversible entropy generation during the process. Now, the low-dissipation behavior is quantified as:
, where σ j is the dissipation constant [7, 13] , and the higher order terms are considered neglegible due to the large durations. Thus at the hot and the cold contact, we respectively have
where Q j > 0. Given that the other two steps in the heat cycle are adiabatic-with no entropy changes-the cyclic process within the working medium implies ∆S h +∆S c = 0. In other words, ∆S h = −∆S c = ∆S > 0, where the value ∆S is preassigned. Then the amount of heat exchanged with each reservoir can be written as:
The work extracted in a cycle with the time period t ≈ t h + t c is,
where ∆T = T h − T c . Clearly, for a given ∆S, as each t j → ∞, the work approaches its maximum value of ∆T ∆S, whereby the cycle becomes reversible.
III. OPTIMAL WORK FOR A GIVEN CYCLE TIME
Now, instead of choosing t h and t c as the control parameters that may be tuned in order to optimize the performance [6, 7, 13] , let us define t h and t c in terms of the fraction of the total cycle time as: t h = γt, and
As a first step towards optimization of the engine's performance, we maximize the irreversible work W for a fixed value of the time t. Thus, setting:
we obtain the optimum value of γ aŝ
which is function only of the ratio of the dissipation constants. So, in our model, the maximum work in a cycle of time t is:Ŵ
and the heat absorbed from the hot reservoir is:
Thus, the efficiency under these conditions is:η(t) = W /Q h .
A. Power output
After knowing the optimal work as a function of the cycle time, the optimal time (t * ) may be determined by optimizing another objective function that measures the performance of the device in finite time. For example, we may like to extract this work at the fastest rate. An obvious choice is power output, defined as
Note that the power output is defined relative to the optimal work in time t. Then, t * , corresponding to the maximum of this power, is obtained by setting ∂P/∂t = 0, which yields
with the optimal allocation of times for the thermal contacts: t h =γt * , and t c = (1 −γ)t * . The optimal amounts of heat and work are:
from which the efficiency at maximum power, η * = W * /Q * h , follows in the well-known form [6, 13, 19] :
Note that the same optimum for power may also be obtained by performing optimization simultaneously over the pair of variables t h and t c [13] , which is the standard approach in literature. However, this approach often becomes involved and an analytic solution becomes hard to obtain with other objective functions, in general. In the following, we highlight the utility of the present two-step optimization approach, for the case of engines as well as refrigerators.
B. Per-unit-time efficiency
First proposed by Ma [20] , this objective function was optimized for the endoreversible model in Ref. [21] . Our first step is to optimize the work output for a given time t, as described above, and calculate the efficiency at this optimal work, denoted byη(t). As the second step, we optimize the function:η
w.r.t. time t. The solution can be easily worked out and the efficiency at optimalη is given by:
which is bounded as: η C /2 η * 1 − √ 1 − η C . Thus the results from the endoreversible model [21] are derived within the low-dissipation model too, in a simple manner.
C. Efficient power
An objective function, defined as the product of efficiency of the engine and its power output [22] , was optimized for the low-dissipation model with the standard optimization [23] , but the solution turns out to be highly involved. In the present approach, at optimal work for the given cycle time t, the efficient power is defined as:
The optimum of the above function (∂P η /∂t = 0) is easily evaluated by just solving a quadratic equation in t. Finally, the efficiency at optimal efficient power is obtained in a simple closed form:
which is bounded as follows:
asγ interpolates in the interval [0, 1]. These bounds were also obtained analytically in Ref. [23] .
IV. REFRIGERATOR
Analogous to the heat engine, one may consider the operation of a refrigerator by inverting the thermal and work flows. So, in this case, the entropy generated at the hot and the cold contact is respectively given by:
and
Here, ∆S > 0 is the entropy change of the working medium at the cold contact. Q c is the heat extracted from cold reservoir, while Q h is the heat dumped into the hot reservoir. Within the low-dissipation assumption, the input work to drive the refrigerator, W = Q h − Q c , is given by
As expected, the input work is more than the reversible work, in case of an irreversible refrigerator. Then, minimizing the irreversible work w.r.t to γ, for a given time t, we obtain-as in case of the engine-the optimal value,
So, the optimal input work is given by:Ŵ (t) = ∆T ∆S + (
and the optimal heat extracted from the cold reservoir iŝ
The next step would be to obtain an optimal cycle time corresponding to a chosen objective function, as discussed below.
A. Cooling power
We consider the cooling power of the refrigerator, operating with optimal work input for a given cycle time, given by :Q c (t)/t. The optimal cycle time that maximizes this cooling power is found to be:
The corresponding optimal amounts of heat exchanged with reservoirs are:
Finally, the coefficient of performance (COP) of the refrigerator is defined as ξ = Q c /(Q h − Q c ), and, at optimum cooling power, COP is evaluated to be
where
The above expression is also obtained in other studies [24] .
B. Per-unit-time COP
This objective function was investigated in Ref. [25] for the endoreversible model. It is a criterion for refrigerators, analogous to the function used in Section IIIB on engines. Again, we use the optimal work condition for a given cycle time, and evaluateξ(t) ≡Q c /Ŵ , using Eqs. (24) and (25) . Then, we optimize the function:
w.r.t time t. The COP at the optimalξ is evaluated to be:
which is bounded as: 0 ≤ξ * ≤ √ 1 + ξ C − 1. The bounds match with the findings of Ref. [25] .
C. χ-criterion
In the literature on the optimal performance of refrigerators, χ-criterion is defined as: χ = ξQ c /t. This has been studied within endoreversible [26] as well as low-dissipation models [10, 11] . As pointed out above, the calculations may become involved for such objective functions. However, the present approach of two-step optimization leads directly to an exact expression for the COP as:
which satisfies the following bounds:
V. CONCLUSIONS
We have proposed and demonstrated the utility of an alternate, two-step optimization procedure for lowdissipation thermal machines, whereby the irreversible work is optimized first for a given cycle time, and then a second objective function is optimized, obtaining the optimal cycle time for the operation of the device. We have applied this approach to a few objective functions which are not easy to treat within the standard optimization approach. Notably, the solution to the optimization problem is obtained in a simple manner. Interestingly, the results are often found to be equivalent to those obtained from endoreversible models. One reason is that the constraints for optimization, such as keeping ∆S fixed [27] , are the same in both procedures. Here is a possibility to explore the analogy between the lowdissipation and the endoreversible models at optimal performance [18] . In particular, it would be interesting to extend this procedure to other irreversible models, such as endoreversible model. Here, it is important to remark that optimizing work in the first step may be optional. We may equivalently choose to optimize another quantity such as the total entropy generated at given cycle time. The present analysis can also be directly extended to a multi-reservoirs scenario [13] . Finally, it is hoped that the proposed scheme will enhance the utility of the low-dissipation model and will suggest alternate schemes for the optimization of irreversible machines.
